
 
TheQuotientthopology

we can get lots of interesting examples of topological spaces
by gluing together simple spaces we already know
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we need to formalize this construction

Def let X be a topological space and A a set
let f X A be a surjective function The quotient
topology on A is defined by UEA isopen f U is

open Exer check this is a topology

A map f X Y between topologicalspaces is a quotient
map if t is surjective and f U is open HEY
is open

Note that w the quotient topologyon A t X A is a

quotient map A is called a q tpee of X

We can also construct A from X by introducing an

equivalence relation on X and setting A Xlr
Then f i X A sends x to the equivalence class containing X



Exi We can think of S as GD with 0 glued to I
i e the equivalence relation is just 0 l and

the quotient mapis f x cos2lTx sin2 Tx

Note that the map g o 1 S defined as the
restriction of f to Co l is also surjective but is not
a quotient map 4

let U my ly o U o.o Es
e o

Then U is not open but g u O K E o D is open
whereas f u 0,42 UCB is hot

let X x Xn xn be pointed topological spaces
w Xi homeomorphic to 5
Then we get a quotient space A of W Xi by the
equivalence relation Xinxj t i j This is called the
wedgeol the ir.es Xi Xn

A

A nice property of quotient maps is that if h X Y
is a map that respects the quotientstructure X A
we can uniquely define a map A Y More precisely



The let p X Y be a quotient map let t X 2 be

a continuousmap to a topological space 2 such that f is
constant on each set p y for y in z i e if pCx pad
then f x fxD Then there is a continuous map g Y Z

sit gop f ie X
pfft commutes

Y z
g

PI For each y cY f p
t y is a one point set

Define g y to be this point Then if c X

g p x f x by construction Thus gop f

For continuity let UEZ be an open set We want to show

g U is open g U CY is open p g UDEX
is open But p g u gop U f U which is
open since f is continuousThus g U CY is open D

Note If f X Y is surjective continuous and open then f is a

quotient map Similarly if f is closed then if f U is open
Xl f u f Y U is closed so YIU is closed U is open

thus f is also a quotient map in This case

Example let 11 1124103 We can put an equivalence
relation on X as follows X y x ay i e x y if

and only if x and y lie on the same line through the
origin



You can check that this is an

equivalence relation and thus we y
i

get a corresponding quotient map

p X Xlr

This is one way to construct projectivetpace defined

IRP X giventhequotient topology

If 7 is another topological space then the continuous maps
f X 2 that give an induced map RIP Z
have the property that f xx f x t a c 1121803 xeX

On the Hw we'll see that RIP is homeomorphic to S
But we'll later see that IRP is nothomeomorphic to S
for n I

Example Quotients of the unit square X Co D
Set A 03 6 I

A fA A 13 6 i

B Co 13 803
B B o I x 43

1 If we glue A 10 A via the equivalence relation Ost 1st
we get a cylinder A typical neighborhood of a point on the
gluing line corresponds to two half f fn 0
moons along A and A in X I



2 If we glue A to A via o t I l t we get a

Mobiusbandy f
3 As we've seen gluing A to A and B to B via o t 1 t

and s O n s l gives us the torus

4 Gluing via Cost 1st and Sso n l s l gives us

the KleinBotte which cannot be embedded in 1123 We

draw a picturewhere it overlaps itself whereas an

actual Klein bottle does not

5 Gluing O t n l l t and s O n l s t is a lot trickier to

visualize It turns out this space is homeomorphic to RIP

nottohandin
Exercise Consider the quotientspaces o 1 o D with the

following equivalence relations

a O t Ct O
b o t too and I s si

c HARD t o O l t



Can you visualizethese spaces


