The Quotient TbPDlggm

We comm get lots of iml—%eusS examples o Topological spates
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,1) — ¢ (o, %00 — S'x(0,) — §'x¢!

‘\7;2;2.%1/ smple spaces we alm,ao{% know

We wed o frmalize Twis conshuction .

Deb: Lt X be « fopological space awd A & et

Lt £ X —=A he o sugjechve fmchon The quotiont
topology on A s dufind hy WESA isopen e 37(W) i
opars - (ERevi check This 15 o topology)

A map F: X =Y  hetween bpoluﬂ(calspmu_s i« a M«_/m{—
map i f + i urjective ond &"(u\ s open & ucy

i« opem.

Note Twat w/ twe quotient ﬁJPoloaboh A/ F:X=A s o
quotiemt mop. A i called a quotiemt spoce ot X.

We com also conshuct A Bom X )ora L'Wrroduciv\j nn
uluivalwta, rdlahtn ~ v X ond Sd"h’th A = )(/rv,
Tham f- XﬁA sends x t the eﬁui\/alma Clasg W‘meytj x



Exi We com think of N as (0,1) with © Jlud v [

i.e.  twe equivaulence velation (s d"‘“’ O~1, ol
we Gluoh'w\i- Mmap is ¥ (”‘F (‘M LT, sin2Ta),

Note ‘h/\a+ e qu 8: COJ {3 - Sl d-L'FlV\.LJ as h/\-l.,
restrictom o £ to (o, I} & also Surjective, but (& hot
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a c(uoh'w{- map :

UL U teat €

T U iy not opem, but 8-' (U)t [o) |/7_) c [0) ‘—} P °P“")-
(wl'\-ure.a.g :f'-l(,u)= [0/‘/1> U{,l}) is ho‘\‘>

Ex: Lt (X, %), .o, (X, %) ke poinkeok topological spaces
\N/ X(, L\UVM.LOVVH)VP"“.C to S‘.

T we je.-l- a quoﬁwﬂ‘ spaL-e A of U X; by e
e,ttuiva(wco velahiom A X V oGy Twig & called e

wedge of g civces X, X,
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A nice pm'o.qy-'hj of C]uoh'mf- w.a‘oS s that f L\X'—’\]’
6 o map That “respeets e quotient shudture" X oA,

We coam (Amf«u_;v(u&“ defiue a map A =Y. More precicely...



Tt bt piX oY be o quotid wep. Wt FX T be
o continucuy wap fo o topological space 2 suh ek Fois
Constnt on each g+ p” (E‘als> for 4 omoz (e i pm)=p(m),
Tum 2G50 . Tham Mareis o wowhinuos map =2
5.k joP=:5’-. i, P)i . Crvmpmudes,
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Pt For each ye Y , ¥ <P" (i'&)) is o One-point set.
Defivon é(vﬁ} o be twig point. T i f D(eX}
8((3(”()) = § (%) Elg Con shruction. "Duqs) §°p * §.

Fov wntinuity led UCZ be om Oper  Set We want to show
a-l(U\ s op-em. %-|(U> QY s Open P_l (‘g-l<\i\\)§x
i opew. But p (%" (U\D’(J"P)q (U) . JC_I(V‘)J which g
Opam  Sinte F iy wniivuous. Thus 8"(U)€Y i open . 0

Note: | & §: X—By 15 surde,(_,{-\\,q_} tonhvuwous gnd bpev uen '.F 5 q
alu,oh'w{- map- Sl’m{lavhj' it F g closed,  tum if 47 (u) i opm,
X\ £ (u) = JC-IC/\ UB ig closed, \/\U is (losed = U is open,

Tvus 4§ i alse o quotiemt map o Tnis case.

EXaw\Eb,S let X = «2“\{0})‘ We  com pu‘i‘ o e.t}uiva[w(&
relahvm o X os follows : ?(J"g ‘<) X =ay i.e, xmta i

o d onla (£ % ond 3(1{ o The game line HWDUﬂ\q e

oﬁg .



Nou ¢om check Tuat  Thig g om

\‘x
~ec1uf\10\lww relodfim, ook Thus  we \ d

ca,u]- oo Wrregponding

quotiolt  map —
pr X — X/~

Twig

5 one woy o comsbruck projective Q/\—I)‘Spa,u,) lFived

\R[Ph_' = X/“’) given fwe quotient hpoloslj.

V¢ 4 g omotmar ’ruloulofym\ Spate, tan e o nhvuoug

F:X—1 tat la,iw_ am  vduad map R\P“”*}%
hove twe  proper-ty thak Fax)=£(A)V ae RS xeX.

lma}o_s

On twe HW/ We'll see Twat rR[P' it homeowovphic I Sl

But we'll later see twat RPT i Mui-hovvx{,owzor{)ln{o b S©
Q)v n >L

Example: Quotients of Mo umit squave X = Co}l]z
el

Set A =§oyx(o,1)
A

|
S

A= 13 % (e, 1)
= B = (o, ) xEX -
R = (o, 1] x by

1) 1 we alue At A via twe 2quiva e vel ahov (U)t>~(')t),
We gd- o ylindu A typvial w.t'jlnbulfl'wocl ot o pornk ov
alul‘\/\j P\ (_ovvg_g‘oouah o two ha|f

JE L
MobbWns fa(,ov\.e\,) Ao AL v X d < “



2) 16 we glue At AT via (0,6)~(1,1-8), we aek o

Mobius hawnd. D @

33 As we've seem, gluing A tb A’ amd B to B via (O,t)'\'(\,’c)
el (510)'\'(5;') 3\'\/(.: ng e tvug

"1) G\ul'nj via (";t)"'(l,ﬂ onnd (5:o>"’<|-€, l> gives us
e [Klein Bbﬂ'({l\/\/h(oh Cannot be embedded in [Rs |- We

draw oo pickure whwre it ovov(aks ftje[p_l where a§  oae
ochual klein bottle does nok

5.) Gluing (0, t)~(1,1-¢) o (s,o)~(t—s,l§ is alot trickier to

visualize! [+ turng out twig spale ig \nowuuowwphic, o R‘Pz H

(not 1o hand in)
Exercise: Considen i quotient spaces Lo, D = (o, '—3/'» with T

Hll awfha 2quivalema elahims,
a) (0,8)~(t,0)
b) (0, €) ~(£,0) wd (1,9~ (5,1)
) (RARDY)  (%,0)~ (0, 1= %)



Com You visualize Hrese Spa—U.S?



